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Fig. 3 Contravariant and covariant base vectors at three
locations.

(3)

From the above discussion, one realizes that the removal of
metric variation (by normalization) is needed only when a
local metric is used. Note that, in a stretched rectangular
grid, g*1, g*2, and g*3 are equal, and are parallel (and inverse
in magnitude) to g^. Therefore, the extrapolations used in
Refs. 1 and 2 and in Eq. (3) will result in the same solution.

Next, we generalize the extrapolation and analyze the con-
sequence of extrapolating such a velocity component, which
may not be tangent to the body surface. As pointed out
earlier, to be independent of the direction of mesh lines at
locations 2 and 3, the only requirement is that we extrapolate
velocity components in the same direction. Hence, one can
substitute an arbitrary vector A for the covariant base vector
g$i in Eq. (3). Writing the decomposition procedure explic-
itly, the no-flux boundary condition [Eq. (1)] becomes

0 (4)

and the extrapolation of velocity components along a vector
A = (AxCi-\-Ae) is

or
= (2V2 - K3)-

Axul + Ayvl = Ax(2u2-u3) + A (5)

Here et and ej are the unit Cartesian base vectors. Equations
(4) and (5) can be solved for u{ and vl, provided that A
is not in the same direction as the surface normal

Indeed, when A is the unit body normal,

where 6 is the angle between A and the body normal. The
last term in Eq. (6) is an error contributed by the incon-
sistency error R and the arbitrary direction of vector A. If A
is tangent to the body surface, then the contribution of R in
the calculation Vv is zero resulting [as in Eq. (3)] in the
most appropriate velocity component to be extrapolated. In
other words, if one wants to enforce a zero normal velocity,
the most appropriate procedure, obviously, is to extrapolate
the velocity components tangent to the body surface. Now it
becomes clear that, in a severely skewed mesh, 6 is small
and, hence, an extrapolation of the velocity component in
the direction of the contravariant base vector g*1 will result
in a large error. Therefore, it is mainly the extrapolation of
the tangential velocity, instead of the contravariant velocity
(not the removal of metric variation as claimed in Ref. 2)
that decreases the error in the extrapolation for nonor-
thogonal meshes.

Conclusions
In this Note, we have derived a generalization of ex-

trapolation along an arbitrary direction [Eq. (6)]. Examina-
tion of this generalization has clearly pointed out the error
associated with the arbitrary direction and has shown that
the most appropriate procedure is to extrapolate the velocity
components tangent to the body surface. Note that, in a
typical calculation, mesh lines are in general clustered and
hence are parallel or almost parallel to the body surface.
Therefore, the extrapolation used in Ref. 2 will be very close
to the discussed extrapolation of velocity components
tangent to the body surface, except now the normalization is
not necessary.

Caution should be taken that we have confined our discus-
sions only to issues associated with simple linear extrapola-
tion in computational space. The issues of grid line orienta-
tion and how to implement an extrapolation, as pointed out
in the Introduction, could be more important. All of these
indicate room for improvement and also point to the urgency
and essentiality of a "good" grid near the body. As a rule of
thumb, a grid system should have fine resolution, have
minimal variation of mesh spacing near the body, and be
nearly straight and normal to the solid body. This is essential
for a computation, but is a difficult requirement, especially
for a highly irregular geometry.
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A = ( t)x\ ei + ly
equals

tne right-hand side of Eq. (5)

R = -

and is a measure of error because of the inconsistency of the
extrapolation of the normal velocity component. The
employment of extrapolation as an extra numerical bound-
ary condition indeed is based on the assumption that the er-
ror R, or strictly speaking \R\/ \\(2V2- F 3 ) l l , is small. If
7? = 0, the tangential condition is automatically satisfied;
therefore, one can extrapolate velocity components projected
along any arbitrary direction (except body normal, of
course) and the result will be the same. Actually, the general
solution of Eqs. (4) and (5) can be expressed as

-=(2V2- tan0 (6)
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Introduction

EXPERIMENTAL evidence shows that a normal shock
wave in a supercritical diffuser under a constant overall

pressure ratio may display either a stable oscillation about its
mean shock position or an unstable oscillation in which
shock waves are generated downstream of the throat and
move upstream repetitively.1'2 Culick and Rogers3 present an
analysis of the stability of a shock wave interacting with
periodic, low-frequency downstream pressure disturbances.
Sajben4 presents a formula for the trajectory of a stable
shock wave in a diffuser. In Refs. 3 and 4, two limiting cases
are assumed for the subsonic flow downstream of a shock
wave: an isentropic flow and an isobaric flow, the latter be-
ing a model for flow separation. In the present Note, the
analysis of Culick and Rogers is modified to simulate more
realistic diffuser flows by introducing a diffuser efficiency
for the subsonic flow downstream of a shock wave.

The governing equation for the interaction between a nor-
mal shock and small pressure disturbances p'e in a diffuser
was derived in Eq. (27) of Ref. 3, where the equation was
not solved. Integrating this equation with the substitution of
Pe = ep2 cosotf (0<e<^l) and with the initial condition of the
shock displacement from its initial position x's = 0 at the time
t = 0, we obtain the following equation for the locus of the
shock wave:

cos(«f-0)-exp(-//T)] (1)

where

/ I d 5 \ - J
p2 7+1

= l ( l dsYl
P2PS\S dx/

p = ___ 2^
dt*S ^ 7+1

dM2

(2)

(3)

(4)

(5)

where a is the velocity of sound, M the flow Mach number,
p the static pressure, S the cross-sectional area of the dif-
fuser, o> the angular frequency of the pressure disturbances,
and 7 the ratio of specific heats, and the subscripts 1 and 2
denote the values at the points immediately upstream and
downstream of the shock wave, respectively.

Figure 1 illustrates the stream wise, time-mean pressure
distributions. Curve 1 corresponds to an isentropic flow ex-
panding to supersonic Mach numbers, curve 2, denoted by
pdi(x), to an isentropic subsonic flow downstream of the
shock wave which is located at x = xs, and curve 3, denoted
by P<j(x), a nonisentropic or actual subsonic flow accom-
panied by separation and friction. Curve 4, denoted by a
broken line, represents the locus of the pressure just down-
stream of the shock wave. For simplicity, assume the follow-
ing relation:

dx dx (6)

where a is a pressure recovery factor; a= 1 and a = 0 corres-
pond to an isentropic flow and an isobaric flow downstream
of the shock wave, respectively. By applying Eq. (6) to the
point 2 immediately downstream of the shock wave, the se-
cond term on the right-hand side of Eq. (5), which is not
taken into consideration in Ref. 3 because the pressure
downstream of the shock wave is assumed to remain cons-
tant, can be expressed in terms of a. and Ml:

7+1 M2-! (7)

Substituting Eq. (7) into Eq. (5), and expressing the first and
third terms on the right-hand side of Eq. (5) in terms of M{,
we obtain

(8)(7+1XM2-!)

If « = 0, then Eq. (8) reduces to Eq. (47) in Ref. 3. Assuming
that a. in Eq. (6) remains constant throughout the subsonic
flow region downstream of the shock wave and denoting the
static pressure at the diffuser exit on curve 2 by pbj and that
on curve 3 by pb, we obtain

Pb~Pl=< (9)

The diffuser efficiency for the subsonic flow downstream of
the shock wave, ?jsub, is defined here by the relation

Pb
Pi (10)

If 7^ = \9 then pb in Eq. (10) is equal to pbi. Combining the
equation for pbfi/p2 thus obtained with Eqs. (9) and (10)
yields an explicit equation for the diffuser efficiency:

"sub= (7-DM2

-(a-l)](T"1)/T-l] (11)

Throat i

Fig. 1 Static pressure distributions in diffuser.

The trajectory of a shock wave can be calculated by Eq.
(1) together with Eqs. (2-4), (8), and (11). Sample calcula-
tions were performed for 7= 1.4 and for a two-dimensional
diffuser with a circular arc wall contour with a radius of
R = 654 mm and a throat height of h* = 10 mm. An example
is shown in Fig. 2, where a normal shock at xs/\lRh* = 0.2
(\lRh* is an appropriate characteristic length for a circular
arc diffuser5) interacts with a small-amplitude pressure
disturbance p'e = ep2 cosotf(e = 0.1, /=co/27r = 500 Hz) in-
troduced downstream of the shock. The flow Mach number
M! at xsNRh* = 0.2 is calculated from isentropic flow rela-
tions, and it is shown that M1 = 1.23. In Fig. 2, the shock
displacement from its initial position x's and its nondimen-
sional value x'/^/Rh* are shown in the horizontal axis, while
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Fig. 2 Trajectories of shock wave in circular arc diffuser: R = 654
mm, h* = 10 mm, xsNRh* = 0.2, Ml = 1.23, e = 0.01, /= 500 Hz.
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The results suggest as follows:
1) The stability of the shock wave depends not only on the

Mach number just upstream of the shock but also on the dif-
fuser efficiency for subsonic flow downstream of the shock
wave.

2) The curve of neutral stability that relates the diffuser
efficiency rysub to the Mach number Ml is obtained. For gases
with 7=1.4, the shock wave is always stable regardless of
r/SUb if M!>1.48. For \<Ml<1.4&, the maximum diffuser
efficiency causing instability decreases as Ml increases.
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Unsteady Compressible Laminar
Boundary-Layer Formed

within a Centered Expansion Wave

Fig. 3 Curve of neutral stability (7 = 1.4).

the vertical axis represents p'e divided by the stagnation
pressure p0 upstream of the diffuser; the arrows correspond
to increasing time. In the case of r/sub = 0.8, the trajectory
shows a stable oscillation, whereas in the case of r/sub = 0.2,
the shock becomes unstable and is propagated upstream.
Hence the behavior of the shock wave depends considerably
on the diffuser efficiency for the subsonic flow downstream
of the shock wave. It is evident from Eq. (1) that for r>0,
the exponential term in Eq. (1) tends to zero and the shock
oscillates stably, whereas if r<0, then x's approaches
negative infinity, which implies the upstream propagation of
the shock wave. For a divergent channel, the signs of T and
Ps are opposite [Eq. (2)]; accordingly, P5gO represents a
criterion of the stability of the shock wave.

The relation between Mj and a when Ps = 0 is obtained
from Eq. (8), eliminating a from the relation by the use of
Eq. (11), yields the relation between rysub and Ml. A
calculated example is shown in Fig. 3. The shaded area
where P5>0 represents the unstable region. Figure 3 shows
that the lower the Mach number M,, i.e., the nearer the
shock wave approaches the throat in the diffuser, the higher
the diffuser efficiency is required for stability. The point of
intersection of the curve of neutral stability and the horizon-
tal axis gives Ml = 1.48, which is the Mach number at which
curve 4 in Fig. 1 becomes maximum. If a shock wave ap-
pears downstream of this point, the shock wave is always
stable, regardless of the diffuser efficiency.

Conclusions
The behavior of a shock wave in a diffuser in response to

small-amplitude pressure disturbances has been analyzed.
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Introduction

T HE purpose of this research is to investigate the effects
of viscosity and heat transfer on the unsteady, com-

pressible laminar boundary layer formed within a centered
expansion wave traveling into a fluid at rest.1'2 The tempera-
ture is at r0 initially in the undisturbed high-pressure region.
A centered expansion wave is formed at t = Q when the
diaphram is burst and propagates into the undisturbed
region. The qualitative expansion wave boundary layer is
shown in Fig. 1. There have been numerous studies of the
expansion wave problem.1'2 It appears that the solutions
given via a coordinate expansion of a series expansion
method are restricted to the early stage of flow development.
These results are less accurate for stations further down-
stream or later in time since the accuracy depends on the
scale of the step size.

The present Note provides accurate and extensive solutions
for a centered expansion wave advancing into quiescent fluid
using the method of semisimilar solutions. The skin-friction
distribution and heat-transfer distribution on the wall as
determined by the present analysis are proven accurate by
comparison with previous studies. The present study also
presents results that are applicable at larger distances or at
later times in the development of a centered expansion wave.
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